A spectral-Lagrangian deterministic solver for the Boltzmann equation for rarefied gas flows is proposed. Numerical solutions are obtained for the flow across normal shock waves of pure gases and mixtures by means of a time-marching method. Operator splitting is used. The solution update is obtained as a combination of the operators for the advection (or transport) and homogeneous (or collision) problems. For the advection problem, the Finite volume method is considered. For the homogeneous problem, a spectral-Lagrangian numerical method is used. The latter is based on the weak form of the collision operator and can be used with any type of cross-section model. The conservation of mass, momentum and energy during collisions is enforced through the solution of a constrained optimization problem. Numerical results are compared with those obtained by means of the DSMC method. Very good agreement is found for the whole range of free-stream Mach numbers being considered. For the pure gas case, a comparison with experimentally acquired density profiles is also performed, allowing for a validation of the spectral-Lagrangian solver.
I. Introduction
• Elastic collision: i = i ′ and j = j ′ .
• Inelastic collision: (i ′ , j, j ′ ) ∈ C in i . The set C in i stores the ordered triplets (i ′ , j, j ′ ) for all the possible inelastic collisions involving the species i as reactant in Eq. (1) and is defined as:
4. The presence of chemical reactions (such as dissociation and ionization) and external force fields is neglected.
II.B. The Boltzmann equation
Based on the hypothesis introduced in the Sect. II.A, a Boltzmann equation can be written for the velocity distribution function f i (x, v, t) of the species i ∈ I S :
In Eq. (3) the quantities Q ij (v) and Q i ′ j ′ ij (v) are, respectively, the elastic and inelastic collision operators [1] :
In Eqs. (4) - (5), v and w are, respectively, the velocities of the species i and j, u is the relative velocity magnitude u = |v − w|, ω ′ is the solid angle of the scattering direction, and σ ij and σ i ′ j ′ ij are, respectively, the differential cross-sections for the elastic and inelastic collision associated to the binary interaction given in Eq. (1) . It is important to mention that the potential model used to obtain the differential cross-section is general and not restricted to hard-sphere interactions. As usual, primed variables in Eqs. 
Note that for a pure gas with internal energy the mass of all the particles are identical (m i = m j = m i ′ = m j ′ ). Eq. (3) may also be used for the case of a mixture of monatomic gases without internal energy. In this situation, m i = m i ′ and m j = m j ′ . Moreover only elastic collisions occur and all the terms Q 
II.C. The Fourier transform of the elastic and inelastic collision operators
The numerical method in use in the present work (see Sect. III) makes use of the Fourier transform of the elastic and inelastic collision operators [12] (Eqs. (4) -(5), respectively). The former can be computed based on their weak form:
where the function Φ i (v) in Eqs. (8) - (9) is a smooth test function of the velocity v. The substitution of a Fourier velocity mode Φ i (v) = (2π) −3/2 exp(−ı ζ · v) in Eqs. (8) - (9) gives the Fourier transform of the elastic and inelastic collision operators and, after some algebraic manipulation (similar to [7] ), the following expressions are obtained:
Numerical solutions to Eq. (3) are sought for 1D flows. After introducing the two Cartesian reference frames for the position and the velocity (C R = (O R ; x, y, z) and C V = (O V ; v x , v y , v z ), respectively) and after taking the flow direction coincident with that of the x axis, Eq. (3) simplifies to:
where v x in Eq. (18) is the projection of the velocity vector v = (v x , v y , v z ) along the x axis, v x = v·i x . In this particular case, the velocity distribution function f i satisfying Eq. (18) depends on the spatial coordinate x, the velocity components v x , v y , v z and the time t. Hence, one may write
In order to obtain numerical solutions to Eq. (3), the following steps must be taken:
1. Discretization of the the phase-space, 2. Choice of a time-marching technique, 3. Device of a computational algorithm allowing both for an efficient evaluation of each single collision operator in Eq. (18) and conservation of mass, momentum and energy during collisions.
All the items of the previous list are described in detail in the Sects. III.A -III.C.
III.A. Phase-space discretization
The velocity domain is discretized by considering points falling inside a cube centered at the origin O V and with side semi-length L v :
The individual velocity nodes belonging to the set V in Eq. (19) are obtained as follows. Let ∆v be the velocity mesh spacing, defined as:
where N v is the number of velocity nodes along the v x , v y and v z directions, let k = (k x , k y , k z ) be the vector of indices corresponding to the velocity node v k = (v k x , v k y , v k z ) and let I V be the set I V = {0, . . . , N v − 1}. The Cartesian components of the velocity node v k belonging to the set V in Eq. (19) are then computed as:
Eqs. (21) - (23) can also be cast into a vector equation:
In Eq. (24) the vectors i v x , i v y and i v z are, respectively, the unit vectors of the v x , v y and v z axes of the Cartesian velocity frame C V , and the set I 3 V is defined as I 3 V = I V × I V × I V . As mentioned in Sect. II, the numerical method used for the evaluation of each single collision operator of Eq. (18) makes use of the Fourier transform of the former (given in Eqs. (10) - (13)). This is the reason why a Fourier velocity space (associated to the physical velocity space described above) is introduced and discretized. The discretization of the former is performed as follows. Once a Cartesian reference frame C V F = (O V F ; ζ x , ζ y , ζ z ) introduced in the Fourier velocity space, the points falling inside a cube centered at the origin O V F and with semi-length L η are selected:
The Fourier velocity nodes belonging to the set V F in Eq. (25) are obtained by applying the same methodology as used for the physical velocity nodes (Eq. (24)). Let ∆η be the Fourier velocity domain mesh spacing, defined as:
and let ε = (ε x , ε y , ε z ) be the vector of indices corresponding to the Fourier velocity node ζ ε = (ζ ε x , ζ ε y , ζ ε z ). The Cartesian components of the Fourier velocity node ζ ε belonging to the set V F in Eq. (25) are then computed as:
As already done for the physical velocity nodes, the individual Cartesian components for the Fourier velocity node ζ ε in Eqs. (27) -(29) can be cast into a vector equation:
where the vectors i ζ x , i ζ y and i ζ z are, respectively, the unit vectors of the ζ x , ζ y and ζ z axes of the Cartesian Fourier velocity space C V F . In the present work, the semi-length L v and the number of nodes N v along each direction of the physical velocity domain are provided as input parameters to the spectral-Lagrangian Boltzmann solver. The velocity domain mesh spacing ∆v is then computed according to Eq. (20) . The semi-length L η and the mesh spacing ∆η of the Fourier velocity domain are found by imposing in Eq. (26) the following condition:
The substitution of the expressions for ∆v and ∆η (Eq. (20) and Eq. (26), respectively) in Eq. (31) leads to:
In Eq. (32), the semi-length L η is completely determined from the input parameters (N v and L v ). Once L η computed, the Fourier velocity domain mesh spacing ∆η is then found from Eq. (26). The choice of a uniform mesh along each direction of the velocity domains and of the condition provided by Eq. (31) are due to the use of the Fast-Fourier-Transform (FFT) algorithm [7] for the evaluation of the Fourier and the inverse Fourier transforms (see Sect. III.B and App. A). The Cartesian position domain C R is discretized by considering points belonging to the following subset X of the x axis:
where the quantities L 
The time domain is discretized as follows. Let N T be the number time-steps, ∆t n the time-step value associated to the time-level t n and I T the set I T = {0, . . . , N T }. The set of nodes of the discretized time-domain is then:
For sake of later convenience, it is useful to introduce the following compact notation for the value of the velocity distribution function of the species i at the point (x s , v k ) of the discretized phase space at the time-level value t n :
III.B. Time marching technique -Operator splitting
The operator splitting approach is used for obtaining numerical solutions to Eq. (18) . The solution at the time level n + 1 is obtained based on that at the time level n by combining updates computed by considering separately the advection and the homogeneous contributions to Eq. (18) . In the advection (or transport) problem, the collisionless Boltzmann equation is considred:
and the solution update f i
is computed (with A being the advection problem operator and ∆t A the related time-step). In the homogeneous (or collision) problem, one considers the space homogeneous Boltzmann equation:
and the update f i n+1 
Advection problem
The advection problem (Eq. (38)) is solved by means of the Finite volume method. Since the velocity and space coordinates are independent, Eq. (38) represents a first order linear advection equation for which robust numerical methods have been devised [15] . The application of the Finite volume method to Eq. (38) leads to the following semi-discrete equation for the discretized distribution function:
where ∆x s is the volume of the cell s (Eq. (35)). The numerical flux F i s+1/2 k in Eq. (41) is evaluated by means of a second order slope-limited upwind scheme [15] :
where a + k and a − k are, respectively, the positive and negative wave speeds: a
and f i 
In Eqs. (45) - (45), φ is a slope limiter function (such as those proposed by van Albada, van Leer et al [15] ) and r L and r R are, respectively, the left and right ratios of consecutive differences:
For the time integration of Eq. (41), the Forward Euler method is considered:
In Eq. (49) the time-step ∆t a k is computed based on the CFL number as ∆t
Due to the narrow stability region of the Forward Euler method [15] , multi-stage time stepping schemes (such as Runge-Kutta methods) could be considered, since they allow for the use of higher CFL numbers.
Boundary conditions are applied through ghost cells [15] .
Homogeneous problem
The homogeneous problem consists in the solution of the following ordinary differential equation at each point of the discretized phase-space:
In Eq. (50) 
In Eq. (51), the quantity ∆t c is the collision time-step. The computational algorithm used for the numerical evaluation of each single collision operator entering in Q i s k in Eq. (50) is described in Sect. III.C.
III.C. Computational algorithm for the evaluation of the collision operator
For the interaction (whether elastic or inelastic) between the species i and j given by Eq. (1), the following steps are performed (the notation used below refers to an elastic collisional interaction):
v Fourier velocity nodes compute the Fourier transform of the collision operator Q ij (v) by means of the weighted convolution in the Fourier velocity space:
Compute the inverse Fourier transformQ
v velocity nodes enforce conservation through the solution of a constrained optimization problem:
The global cost of the algorithm is O(N 6 v ) (per interaction) and the last step is performed in order to ensure conservation of mass, momentum and energy during collisions. This approach was originally proposed and formulated by Gamba et al in [7] for the case of a pure gas without internal energy. In the present work an extension to mixtures is proposed. Elastic and inelastic collisions are treated separately and the enforcement of conservation of macroscopic moments is imposed through the following constrained optimization problems:
1. Elastic collisions:
2. Inelastic collisions:
In Eqs. (52) - (53), the vector 0 n stands for the n-component null vector, the vectorsQ ij andQ
, respectively, on the velocity nodes given by Eq. (24) (after completing the third step of the algorithm), the vectors store Q ij and Q (53)) and the matrices C el i and C in i are integration matrices. The columns of the former, when expressed for the velocity node
The structure of the matrices in Eqs. (54) - (55) reflects the fact that there exists a set of N s + 4 collisional invariants for elastic collisions (the single species mass, the global momentum and energy), while, for inelastic collisions, the number of collisional invariants is equal to 5 (the global mass, momentum and energy) [1, 2] . It can be shown that the solutions to the above constrained optimization problems (Eqs. (52) -(53)) are:
For the details related to the evaluation of the Fourier and inverse Fourier transforms, weighted convolution in the Fourier velocity space and the formal solutions of the constrained optimization problems for elastic and inelastic collisions the reader is referred to App. A, B and C.
IV. Computational results
The numerical method described in detail in Sect. III has been implemented in a parallel C code. Parallelization is performed by means of the OpenMP library [16] . The GSL [17] and FFTW3 [18] libraries are used, respectively, for vector/matrix manipulation and the implementation of the FFT and inverse FFT algorithms.
IV.A. Flow across a normal shock wave in Ar
The gas consists of Ar atoms. Only elastic collisions are accounted for (the excitation of the Ar atom electronic states lying above the ground state is not considered). The Boltzmann equation (Eq. (18)) is solved in the shock wave reference frame and adopting the one-dimensional position domain shown in Fig.  1 ). 
In Eq. (59) (and in what follows) the species index has been dropped for sake of clarity. The sub-scripts ∞ and ps in Eq. (59) refer, respectively, to the free-stream and post-shock conditions. The numerical values of the post-shock number density n ps , velocity V ps and temperature T ps in Eq. (59), are computed by means of the Rankine-Hugoniot jump relations [19] :
with ρ ∞ = m n ∞ and ρ ps = m n ps . In Eqs. (60) -(61) the specific heat ratio γ is set to 5/3 (monatomic gas without internal structure) and the free-stream Mach number M ∞ is defined as
The free-stream values of the density and the temperature have been set to, respectively, 1 × 10 −4 kg/m Table 1 together with those for the N v and L v parameters needed for the velocity space discretization and the post-shock conditions (expressed in terms of density, temperature and velocity) obtained from Eqs. (60) -(62). For all the cases given in Table 1 , the position domain shown in Fig. 1 59)) is used. Numerical solutions have been obtained by means of the operator splitting technique described in Sect. III.B. For the advection (or transport) problem, the CFL number has been set to 0.5 and van Albada's limiter [15] has been used for the limited MUSCL reconstruction. For the solution of the homogeneous (or collision) problem, the collision time-step ∆t c has been set to 1 × 10 −8 s.
Cross-section models
The following isotropic cross-section models have been considered:
• Hard-sphere (HS),
• Variable hard-sphere (VHS),
• Cross-section deduced from the viscosity cross-section computed by assuming a Lennard-Jones interaction potential (µ LJ),
• Cross-section deduced from the viscosity cross-section computed by Phelps et al [20] for Ar − Ar collisions (µ PL).
For the HS model the collision cross-section σ is constant and is [3] : For the VHS model, the relative velocity dependent diameter d(u) can be expressed as (see [3] for more details):
where
are the reference values for the temperature and the dynamic viscosity, while the coefficient ω enters in the dynamic viscosity law:
The parameters µ ref , T ref and ω for the cases given in Table 1 Table 2 : VHS cross-section model parameters.
For the µ LJ and µ PL models the velocity dependent diameter d(u) is obtained based on the viscosity cross-section σ µ as follows. The viscosity cross-section σ µ is defined as [3] :
where χ is the post-collision scattering angle. The integral in Eq. (66) can be also parameterized in terms of the impact parameter b:
If the cross-section σ can be expressed as a HS cross-section (Eq. (63)) with a velocity dependent diameter d(u), the integrals in Eqs. (66) -(67) for the viscosity cross-section can be computed analytically to give:
Solving Eq. (68) for the velocity dependent diameter d(u) one has:
Equation (69) suggests that, given an interaction potential for which the viscosity cross-section (as a function of the relative velocity u) is known, the velocity dependent diameter d(u) can be computed based on Eq. (69).
For the µ LJ model, the viscosity cross-section σ µ is computed by means of the integral given in Eq. (67) where the post-collision scattering angle χ is obtained by applying the classical elastic scattering theory [1] :
In Eq. (70) r min is the distance of closest approach and φ eff (u, b, r) is an effective potential accounting for a spherically symmetric interaction potential and a centrifugal term, φ eff (u, b, r) = φ(r) + µ u 2 b 2 /(2 r 2 ). The interaction potential φ(r) is given by the well-known Lennard-Jones form:
In the present work, for the constants φ 0 and r 0 in Eq. (71) the values 1.7 × 10 −21 J and 3.4 × 10 −10 m have been respectively adopted. In order to avoid numerical problems due to singularities and possible orbiting, the integrals in Eq. (67) and Eq. (70) are transformed via a variable change suggested in [22] . The numerical integration is then performed by means of a doubly-adaptive quadrature technique provided by the GSL library [17] .
For the µ PL model, the viscosity cross-section computed by Phelps et al [20] for Ar − Ar collisions has been used. In the above reference, computations account for quantum effects during collisions by means of the WKB (Wentzel-Kramer-Brillouin) approximation [23] and the following fitted expression for the viscosity cross-section σ µ is provided:
where E r = 1/2 µ u 2 is the relative kinetic energy expressed in eV.
Evolution of macroscopic moments and velocity distribution function
In order to perform a meaningful comparison with the DSMC method (where shown), the origins of the x axis in the numerical solutions obtained by means of the spectral-Lagrangian Boltzmann solver (SLBS) and the DSMC method have been placed at the point where the normalized density (ρ(x) − ρ ∞ )/(ρ ps − ρ ∞ ) assumes the value of 0.5. Figure 2 shows the evolution of the density across the shock wave for the M ∞ = 1.55 and M ∞ = 3.38 cases when using the HS and VHS models. As expected [3] , the HS solution gives a thin shock wave as compared to the VHS solution. This is due to the unrealistic behavior of the HS model that does not account for an actual decrease of the cross-section when increasing the relative velocity. As a result, the collision rate is overestimated leading to a thinner shock wave. For both the HS and VHS models, the agreement between the SLBS and the DMSC method is excellent, confirming the accuracy of the spectral-Lagrangian method for the Boltzmann equation used in the present work. It is worth to recall that the phase-space discretization (see Sect. III.A) is performed independently of the cross-section model in use (i.e the discrete velocity grid is exactly the same for both the HS and VHS models). Very good agreement between the SLBS and the DMSC method is also found for higher-order moments such as the kinetic, parallel and transversal temperatures, the stress tensor (xx-component) and the heat flux vector (x-component). Figures 3 -5 show the evolution of the aforementioned quantities for the M ∞ = 3.38 and M ∞ = 6.5 cases when using the VHS model. 
38. 
Comparison with Alsmeyer's experimental density profiles
After the accuracy verification through comparison with the DMSC method, the computed density profiles for the M ∞ = 1.55, 3.38 and 6.5 cases shown before have been compared with the experiments of Alsmeyer [24] for sake of validation. Figure 7 shows the normalized density (ρ(x) − ρ ∞ )/(ρ ps − ρ ∞ ) as a function of the non-dimensional distance x/λ ∞ . In obtaining the curves shown in Fig. 7 , the free-stream mean free path λ ∞ has been set to the value indicated in the aforementioned reference (λ ∞ = 1.098 × 10 −3 m), for sake of consistency. For the M ∞ = 1.55 and M ∞ = 3.38 cases, numerical solutions by means of the SLBS are shown for the VHS, µ LJ and µ PL cross-section models, while for the M ∞ = 6.5 case only the VHS cross-section model has been considered.
The agreement between the computed and experimental density profiles is fairly good, though some discrepancies arise. These can be noticed for all the cases in the initial part of the shock front. In that zone, the average thermal speed of the Ar atoms is quite low due to the moderate value of the gas temperature. In view of that, two colliding atoms will be able to approach each other at a close distance as compared to the case of a high average thermal speed. Hence, the collision dynamics will be strongly influenced by the short-range repulsive forces. From this it can be inferred that, in order to have a good agreement with the experiments in the initial part of the shock front, the cross-section model in use must be based on an interaction potential accounting also for short-range repulsive forces. The VHS cross-section model [3] is based on a purely repulsive interaction and this could explain the systematic disagreement found. On the other hand, the µ LJ and µ PL cross-section models are based on potentials that account for short-range repulsive forces and show a better agreement with the experiments in the initial part of the shock front.
Before concluding, it is worth to recall that the VHS cross-section model parameters ω, µ ref and T ref (see before) have to be computed for each value of the free-stream Mach number by some appropriate tuning approach, if a reasonable agreement with experiments is wished. This is not the case for the µ LJ and µ PL cross-section models. 
IV.B. Flow across a normal shock wave in a Ne-Ar mixture
After assessing the accuracy of the spectral-Lagrangian method in the case of a pure gas, its extension to mixtures has been tested on the computation of the flow across a normal shock wave in a binary inert gas mixture made of Ne and Ar. A peculiar aspect of this test-case is the species separation occurring within the shock wave. The former is due to the mass difference between the two species [3] with the lighter species experiencing the compression sooner than the heavier one. The free-stream values of density, temperature and Mach number have been set to 1 × 10 −4 kg/m 3 , 300 K and 2, respectively. The mass fractions of Ne and Ar have been set to 0.34 and 0.66, respectively, while for the parameters N v and L v the values 22 and 2500 m/s, respectively, have been used (the other numerical simulation parameters are the same as that of Sect. IV.A). The HS collision model (Eq. 63) has been used and the numerical values for the species mass and diameter have been taken from [3] . The post-shock conditions are always computed by means of the Rankine-Hugoniot jump relations (Eqs. (60) - (62)) and the solution initialized in the same manner as done in Sect. IV.A for the pure gas case. Figure 8 shows the species hydrodynamic velocities, diffusion velocities and mass fractions across the shock wave. The Ne (whose mass is lower than that of Ar) experiences the compression within the shock sooner that the Ar does (as it can be seen from the velocity variation). This induces an accumulation of Ne atoms in the front part of the shock wave leading, in turn, to a local chemical composition variation. This effect progressively disappears while the flow approaches the post-shock equilibrium state (where no species separation exists) and the chemical composition assumes the same value as that of the free-stream. The species separation can also be appreciated from Fig. showing the species kinetic and parallel temperatures. For each species, the parallel temperature shows the same behavior as that of the pure gas case with the local maximum being more pronounced for the heavier species (Ar). The comparison with the DSMC results is again excellent. 
Evolution of macroscopic moments and velocity distribution functions

V. Conclusions
An existing spectral-Lagrangian deterministic method for the Boltzmann equation for a pure gas has been extended in order to deal with gas mixtures and account for more realistic collision cross-section models. Based on that, a computational tool has been written and numerical solutions have been obtained for the flow across normal shock waves of pure gases and mixtures. The accuracy of the spectral-Lagrangian method has been verified through comparison with the DSMC method showing very good agreement. For the pure gas case, the density profiles have been compared with experimental measurements. A fairly good agreement has been observed, allowing for a partial validation of the developed computational tool. Future work will focus on internal energy excitation (already accounted for in the formulation) and investigation of alternative phase-space discretization methods (such as momentum space discretization). 
Research
A. Numerical evaluation of the Fourier and inverse Fourier transforms
Let g = g(v) be a function of the velocity v and letĥ =ĥ(ζ) be a function of the Fourier variable ζ. According to the definitions introduced in Sect. II.C, the Fourier transform of the function g and the inverse Fourier transform of the functionĥ are:
The integrals in Eqs. (73) -(74) must be replaced with discrete sums because of the discretization of the velocity space introduced in Sect. III.A.
be the vector integration weights associated to the discrete velocity node
be the vector of integration weights associated to the discrete Fourier velocity node ζ ε = (ζ ε x , ζ ε y , ζ ε z ). The substitution of the Eqs. (21) - (23) 
The expansion of the dot product ζ ε · v k in Eqs. (75)- (76) reads:
After some algebraic manipulation, Eq. (77) can be written as:
In obtaining Eq. (78), the relation ∆v∆η = 2 π/N v (Eq. (31)) has been used. The substitution of Eq. (78) in Eqs. (75) - (76) gives:
The arguments α(ε) and β(k) of the exponentials in front of the sums in Eqs. (79) -(80) are:
while the functions g * (v k ) andĥ * (ζ ε ) have the following expressions:
The two sums in Eqs. (79) 
The above concept suggests the use of the following algorithm for an efficient computation of the Fourier and the inverse Fourier transforms: (80)).
In the present work, the computation of the FFT and the inverse FFT of functions is performed by means of the FFTW3 library (Fastest Fourier Transform in the West) [18] .
B. Numerical evaluation of the weighted convolution
In view of the discretization of the velocity space introduced in Sect. III.A, the continuous integrals in the weighted convolutions (Eqs. (10) -(13)) must be replaced with discrete sums. Let κ = (κ x , κ y , κ z ) and Ω κ = (Ω κ x , Ω κ y , Ω κ z ) be, respectively, the vector of indices and the vector integration weights associated to the Fourier velocity node ξ κ . If one refers to the the case of an elastic collisional interaction between the species i and j (for the inelastic case the only thing that changes is the convolution weight), the following expression can be written for the Fourier transform of the collision operator Q ij (v) evaluated at the Fourier velocity node ζ ε :
In Eq. (87), the quantity Ω κ = Ω κ x Ω κ y Ω κ z is the integration weight associated to the Fourier velocity node ξ κ , while the set I * κ reads:
In Eq. (88), the − and the + upper-scripts are used to indicate, respectively, the lower and the upper limits for the indices κ x , κ y and κ z associated to the Fourier velocity node ξ κ and are computed based on the following relations: 
The introduction of the above lower and upper limits on the κ x , κ y and κ z indices is equivalent to set to zero the functionf i in the discrete sum given in Eq. (87) when its argument (ζ ε − ξ κ ) goes beyond the limits of the discrete Fourier velocity space.
C. Formal solution of the constrained optimization problems
C.A. Elastic collisions
For the problem P el in Eq. (52) the objective function (or Lagrangian) is:
In Eq. (91) the quantity λ el is the vector (whose number of components is N s + 4) of Lagrange multipliers for the problem P el , while the symbol T stands for the transpose operator. The solution to P el is given by the stationary points of the Lagrangian L el . These are found by imposing:
where λ (l) el in Eq. (93) is the l-th component of the vector λ el and I el is an index set associated to the elastic collisional invariants and defined as I el = {1, . . . , N s + 4}. The application of Eqs. (92) - (93) gives:
i,j∈ I S
The left-multiplication of Eq. (94) by C el i leads to:
Summing Eq. (96) over the i and j indices belonging to the set I S one obtains:
that, in view of Eq. (95), becomes:
Eq. (98) can be solved for the Lagrange multiplier vector λ el :
The substitution of Eq. (99) in Eq. (94) gives:
In Eq. (100) the original i and j dummy indices in the two sums (coming from Eq. (99)) have been replaced, respectively, with the dummy indices p and q for sake of clarity. Eq. (100) reduces to the result obtained in [7] for a pure gas (N s = 1):
where the species subscripts have been omitted.
C.B. Inelastic collisions
For the problem P in in Eq. (53) the objective function (or Lagrangian) is:
In Eq. (113) the original i ′ , j and j ′ dummy indices in the two sums (coming from Eq. (112)) have been replaced, respectively, with the dummy indices p ′ , q and q ′ for sake of clarity.
